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, Abstract. In this work we discuss a few ways to create cliaotic families that 

are not entropically chaotic on Kac's Sphere. We present two types of exam- 
ples: limiting convex combination of an entropically chaotic family with a 
particularly 'bad' non-entropic family, and two explicitly computable fami- 
lies that vary rapidly with N, causing loss of support on the sphere or high 
entropic tails. 



1. Introduction 

In his 1956 paper, fTT\ , Kac introduced the concept of chaotic families (or 'The 
Boltzmann property' in his words) as a condition on the initial data to the solu- 
tion of his many-particle, binary collision, stochastic process, from which a cari- 
cature of Boltzmann's equation arises. Motivated by Boltzmann's 'Stosszahlansatz' 
assumption, stating that pre-coUision particles can be considered to be inde- 
pendent, Kac defined the chaoticity of a family {Fn] jven of probability densities 
on the sphere §^"^ as: 

Definition 1.1. A sequence of symmetric probability densities, {Fn}n£N> on the 
sphere §^"^ (v^iV) is said to be /-chaotic if there exists a probablity density, /, 
such that 

(1.1) lim Uk[FN)ivi,...,Vk) = f^\vi,...,Vk) 

N^oo 

for every A; e N, where OfcCF^v) is the k-th marginal of Fpj and the limit is taken 
in the weak topology induced by bounded continuous functions on IR*^. 

In what follows we will use the term 'Kac's sphere' (or 'the sphere' when con- 
text permits) for §^"^ (V^. The fact that we deal with a sphere of radius \/N is 
crucial to the process, and quite intuitive. Indeed, if we're talking about a pro- 
cess involving N particles with one dimensional velocities, each indistinguish- 
able from the other, then assuming that a particle (and thus every particle) has 
a unit of energy leads to the conclusion that the total energy of the system is N 
units. By conservation of energy, which Kac's model satisfies, the whole system 
must be restricted to the sphere. 

Definition jl.ll l can easily be extended to general measures on the sphere. In- 
deed, we only need to define what it means to be symmetric. 
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Definition 1.2. A measure UnOU Kac's sphere is called symmetric if for any mea- 
surable function Fn and for any permutation t e Sjv we have that 

(1-2) I FNiVi,...,VM]dlJ,N= I FN{Vj(i),...,Uj^N)]dlJ,N. 

Kac considered a model in which indistinguishable particles, with one di- 
mensional velocities, underwent random binary collisions. His evolution equa- 
tion for the probability density of the velocities of the particles was given by 

(1.3) ^ivu...,VN) = -NiI-Q)FN{vi,..., vn), 

at 

where 



QF(vi,...,Vjs,) = ^- 



(1.4) 



2n NiN-l) 
^ F[vi,...,Vim,...,Vjm,...,VN]dd, 

i<jJO 



with 
(1.5) 



Vii-d) = i'iC0s(5) -I- Vj sm{d), 
Vj[d) = - Vi sinCS) + Vj cosW). 

Kac managed to show that chaoticity is the right ingredient to derive Boltzmann's 
equation from his linear AT-particle model. He managed to show that il.U prop- 
agates in time under his evolution equation, and that the evolution equation for 
the limit probability density, f{v, t), satisfies a caricature of Boltzmann's equa- 
tion. Kac expressed hope that investigating his AT-particle linear model would 
lead to new results on the Boltzmann's equation, particularly in the area of trend 
to equilibrium. Indeed, It is easy to see that Q is bounded and self adjoint on 
Kac's sphere as well as Q < 7. The ergodicity of {LSj leads to the fact that for 
every fixed N we have that Wmt^ooFNivi, . . . , v^, t) = 1. Defining the spectral 
gap 

(1.6) Ajv = inf -"TTi Fn -i-iy, 

one can show that if F^it) = F]v(f i, . . . , vpf, t) solves <1.3l l then: 

(1.7) WFNit) - llli2(siv-i(/iv)) - ll'FAf(O) - l|ll2(§]V-i(/jv)) • 

Kac conjectured that liminf^v^oo A^v > and hoped that it will lead to an ex- 
ponential rate of decay for Boltzmann's equation as a limit equation of his lin- 
ear model. While the conjecture was proven to be true (see l2l|5][T0][T2]) the 
choice of as a reference distance is catastrophic when considering chaotic 
families. Intuitively speaking, one would suspect that chaoticity means (in some 
sense) that F^ ~ f^^. As such, we will have that the norm of Fjv will be ex- 
ponentially large. Indeed, one can easily construct a chaotic family F^iO) with 
ll-Fjv(0)ll^2^s~-i(//v)) - where C > 1, leading to a relaxation time that is pro- 
portional to N. 
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A different approach, one more amiable to chaoticity, was needed. A natural 
quantity to investigate, one that was investigated by Boltzmann himself in his 
famous //-theorem, is the entropy. In Kac's context the entropy is defined as 

(1.8) HnIFn) = [ FNlogFNda^, 



where rfcr^ is the uniform probability measure on the sphere. This is a particular 
case of the relative entropy between two probability measures, defined as: 

Definition 1.3. Given two probability measure, ji and v, we define the relative 
entropy 

(1.9) //(Mlv) = J f log fdv, 

where / = when fx«v and H{[i\v) = oo otherwise. 

The relative entropy has some useful properties. In our context, the most im- 
portant one is the Csiszar-KuUback-Leibler-Pinsker inequality: 

(1.10) \\^-v\\ly<2Hip.\v), 

giving us a way to measure distance between measures (and in particular be- 
tween probability densities). Notice that much like the log-Sobolev inequality, 
the constant appearing in 1 11. 101 is independent of the dimension, giving us a way 
to uniformly control the distance! 
By definition //]v(Fjv) = H[Ff^da^\da^], and as such 

(1.11) j \FN-l\da^<^/2HN[FN), 

so the entropy can serve as a tool to measure convergence in Kac's context. 
Another very appealing property of the entropy is its extensivity. Due to the 
properties of the logarithm one can hope that if Fjq is /-chaotic then, in some 
way, 

(1.12) HNiFN)^N-H[f\r), 

-i- 

where jix) = ^^j= is the standard Gaussian (the appearance of the Gaussian 
shouldn't be too surprising - it is a known fact that the uniform measure on Kac's 
sphere is y-chaotic!). 

At this point one can define a 'spectral gap' for the entropy, and see if it yields 
better results than the linear theory. Assuming that Fjv is a symmetric probabil- 
ity density that solves {LSj one can define 

{NiI-Q)F^,\ogFt,) 



(1.13) Tat = inf 

and conclude that 



Hn^Fn) 



(1.14) //jv(Fw(rt) < e"^~'//iv(i^iv(0)) 
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If r^v > C > for all W we can combine <1.14t with l ll.lOI I and <1.12l l and get relax- 
ation time that is proportional to log AT, which is a fantastic result. The conjec- 
ture of the existence of such constant is called 'The many-particle Cercignani's 
Conjecture', following a similar conjecture for Boltzmann's equation (see 1 7 1 ) try- 
ing to find a constant C > such that 

(1.15) --^H{f{t))>CH{f{t)), 

at 

where /(f) is the solution to Boltzmann's equation. Unfortunately, if we impose 
no restrictions on the probability densities the conjecture is not true and in fact 
Tjv = jj< putting us in the same place as the linear spectral gap (see fT5]l8l[9l). 
This obviously leads to many very interesting questions about possibilities of 
the conjecture being true under plausible restrictions on Fjv. 
While Kac's model is a big step forwards in Kinetic Theory, it had some flaws. 
The model was one dimensional, and as such couldn't conserve energy and mo- 
mentum at the same time. Another problem with the model was the simplistic 
collision kernel and the inability to deal with physical kernels, depending on the 
velocities of the particles. In 1967 McKean extended the model to the case where 
the velocities were ^i- dimensional, with d > I, and showed that, similar to the 
original model, the real Boltzmann equation arises from it in an extended array 
of coUisional kernels (see 1 13J), though the restriction that the kernel would be 
independent of the velocities was still imposed, leaving the interesting cases of 
Hard Spheres and True Maxwellian Molecules unsolved. 

In a remarkable recent paper, 1 14|, Mischler and Mouhot introduced a new ab- 
stract method that allowed them to tackle many unsolved questions in the sub- 
ject, including the velocity dependent cases mentioned above. They managed to 
show quantitative and uniform in time propagation of chaos in weak measure 
distance, propagation of entropic chaos (soon to be defined) and quantitative 
estimation on relaxation rates that are independent of the number of particles. 
There is more to be said and explored in the subject, but their work is a huge 
leap forward in the desired direction. 

At this point we will leave Kac's models and program aside, and concentrate on 
the problem we wish to deal with. More information about the topic and the re- 
lated spectral gap problem and entropy- entropy production ratio can be found 
in Els, 4. 51 and the excellent 1 16. 14|. 

We start by defining the concept of entropic chaoticity. Motivated by I ll.l2t we 
introduce the following, more general, definition: 

Definition 1.4. A family of symmetric probability measures, {^iv}]veN' Kac's 
sphere is said to be entropically chaotic if it is ;U-chaotic and 

(1.16) lim = H{p\Y). 

The above definition was introduced by Carlen, Carvalho, Le Roux, Loss and 
Villani in |4| . The authors noted that the concept of entropic chaoticity is stronger 
than that of mere chaoticity as it involves all of the variables, and not just a fi- 
nite amount of them. We refer the reader to 0] for more interesting details, and 
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beautiful results, about entropic chaoticity. The case where //(/ily) = oo is some- 
what of a pathological case and so in the following we will only talk about cases 
where //(july) is finite. 

It is worth noting that in his original paper (1 11 1) Kac was aware of the exten- 
sivity property of the entropy, and while he didn't define entropic chaoticity, he 
figured it will play an important role in his model (he thought that it will help 
establish a satisfactory derivation of Boltzmann's //-theorem). 
In our paper, we will be solely interested in the 'functional' case where jUjv = 
Fpfda^ and jU = f{x)dx. 

At this point one might ask oneself - Are there any chaotic and/ or entropically 
chaotic families? A partial solution to this question was already given by Kac in 
fllj : He noted that probability densities of the form 

(1.17) Fn{vi,...,vn)= 



are /-chaotic under some severe conditions on / (very strong integrability con- 
ditions). Note that this type of family seems very reasonable - intuitively speak- 
ing it is an independent family on the entire space which is being restricted to 
the sphere, causing some (hopefully small in the limit) correlations to appear. 
In |4| the authors have managed to significantly extend Kac's result: 

Theorem 1.5. Let f be a probability density on U such that f e LP{U) for some 
p> I, x^fix) = 1 and x'*/(x) dx < oo. Then the family of densities defined in 
11.17\) is f -chaotic. Moreover, it is f- entropically chaotic. 

Recently, Carrapatoso has extended this result to the more realistic McKean 
model, conditioned to the Boltzmann sphere instead of the Kac's sphere (see 

El). 

As we saw before, entropic chaoticity is a very intuitive concept that arises natu- 
rally when one investigate relationships between the relaxation rates to equilib- 
rium in the A/^-particle model and its mean field limit. We would like to under- 
stand the concept better and explore the delicate balance required for entropic 
chaoticity to hold. In order to do that, we explore in this paper ways to construct 
families of probability densities that are chaotic but not entropically chaotic, 
noting the reasons for that. Our first result is the following: 

Theorem 1.6. Let f satisfy the conditions of Theorem \L5[ then there exists an 
f- chaotic family that is not entropically chaotic. 

The method to prove this theorem is one of a limiting convex combination, 
and would be described in Section|2l This is not the only way to destroy chaotic- 
ity. A different way is to create families that depend on N strongly, and not only 
as an increase of the number of variable. Our next two results will deal with two 
explicitly computable family of probability densities that fails entroic chaoticity 
due to that reason. 
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Theorem 1.7. Let fAj(v] = 5mM i (v) + (1-5m)M i (v) where Maiv) = 



and 5iv = 7^ with rj close to 1 . Then the family of probability densities defined in 
(I.ITD is Ml - chaotic but not entropically chaotic. 

We will see that the reason behind this failure is that the rapid change of N 
causes the family to 'lose support at infinity'. The last result we will show is the 
following: 

L~ It'll" 

Theorem 1.8. LetFN= — where is the appropriate normalization func- 
tion. Then {FN}Nm M^-chaotic but not entropically chaotic. 

The reason behind this failure will be too high an entropic tail. 
The paper is structured as follows: Section |2] will describe the idea of limiting 
convex combination and will show how exactly such idea will be useful in build- 
ing chaotic families that are not entropically chaotic. Sections [3] and[4] will apply 
that idea to build our first two examples. The first using concentration meth- 
ods with the natural coordinates on the sphere and the second using the stereo- 
graphic projection and a process of 'pushing' the function to 'infinity'. Section[5] 
will provide a few technical lemmas that will help us with explicit computation 
on the sphere, while in Section[6]we will prove Theorem ll.71 In Section[7]we will 
prove Theorem ll.Sl as well as introduce another family of polynomials that is en- 
tropically chaotic (to stress the effect of the varying power). Lastly, in Section[8] 
we will discuss a few closing remarks. The Appendix to the paper contains more 
detailed information about the stereographic projection we use. 
Acknowledgement: The author would like to thank Clement Mouhot for many 
fruitful discussions, sharing of ideas and constant encouragement as well as 
careful reading of the manuscript and providing many useful remarks. 



The concept of convexity is not alien to that of chaoticity or entropy. Several 
counter examples to known conjectures (such as Cercignani's conjecture) have 
been built using a convex combination of special stationary states (see |1 1). Re- 
cently, the author has used a similar idea, but with convex coefficients that de- 
pend on N, in order to find an explicit bound to the entropy- entropy production 
ratio (see 1 8 , 9 1 ) - this idea is behind what we will call 'limiting convex combina- 
tion' 

Definition 2.1. Let {GatIaten and {Fjv} jven be families of probability densities on 
§^"^ and let {ajvliVGN be a sequence of real numbers such that < ajv < 1 
for all A/^ e N, and limjv^oo aw = 0. Then the family of probability densities 

(2.1) CN = il-aN)GN + aNFN, 

is called the limiting convex combination of Gn and Fpf. 



2(l-«jv) 



2. LiMTiNG Convex Combinations. 



We will start with a few simple properties of the limiting convex combination. 
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Lemma 2.2. Let {GjvliveN ''sn^i {FatIjvgn symmetric probability densities on 
§^"^ [Vn). ^{GivljveN is g-chaotic then any limiting convex combination of 
Gn andpN is g-chaotic. 

Proof. Assume Cn is a limiting convex combination as defined in I l2.lt . Given 
any cpeCb (K*^), for a fixed k e N, we have tiiat 



(2.2) Uiv / F]s[{vi,...,V]s[)(p{vi,...,Vi:)da^ <aN\\(p 



— ' 0. 



And 



(2.3) 



(l-aw) / GN{vi,...,V]sf)(f>[Vi,...,Vk)da' 
— ' I g^^{vi,...,Vk)(p{vi,...,Vk)dvi...dvk, 



JV- 

proving tiie result. □ 

Remark 2.3. Notice that in Lemma |Z2] there is no requirement of chaoticity on 
Fjv, only that of symmetry! This shows how weak the condition of chaoticity is 
with respect to limiting convex combination. 

What of entropic chaticity? Can we get any result similar to our previous 
lemma? The answer to this question is Yes, but more than that - we can find sim- 
ple conditions when limiting convex combinations are not entropically chaotic. 

Lemma 2.4. Let {Gw} weN g-entropically chaotic family of probability den- 
sities and {FwIaten symmetric probability densities on Kac's sphere. Then 

(i) Iflimsupf^^^ Hn(^n) ^ ^ then any limiting convex combination of Cm and 
F]v is g-entropically chaotic. 

(ii) /fliminf]v^oo ^'^j^'^^ = oo then there exists a limiting convex combination of 
Gat and Fjv that is not g- entropically chaotic but is g- chaotic. 

Corollary 2.5. If On and Fn are entropically chaotic then so is any limiting con- 
vex combination of them. 

Proof of Lemma \2^ The g- chaoticity of any limiting convex combination was 
established in Lemma lZ2] so we only need to check the additional condition of 
entropic chaos. 

(i) Since the function H{x) = xlogx is convex we find that 

(2.4) HNiCN) < (1 - aN)HM{GN) + aNHNiPN). 
Thus 

(2.5) limsup < H{g\j) +limsupa]v r- — = Higlj). 

On the other hand, since Cn is g-chaotic we have that 

(2.6) H{glr)<liminf:^^^ 

AT^oo N 

(see (D for the proof). Combining i2.5\ and 1 12. 6t yields the desired result. 
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+ajv I FisilogiaNFisi) da^ 



(ii) Since the logarithm is an increasing function, and Fjv and Gn are non neg- 
ative we find that 

//Ar(CAr) = (1-ajv) / Gjvlog ((1 - ajv)Giv + awF^) da^ 

+aiv / FmIoqUI- ais[)GN + ccmFn) da'^ 

^^•^^ >(l-aiv)f GNlogiil -aN)GN)da^ 

f 

= (1 - aw) log (1 - a]v) + (1 - aN)HNiGN) + awlogaiv + aiv^^wCfiv)- 
Thus, 

(2.8) liminf > //(e r) + liminfa]v . 

JV-oo N N^oo N 

Since lim inf^v^oo ^"^^^ = oo we can easily pick such that lim inf^v^oo 
C for any C > 0, as well as C = oo. This completes the proof. 

□ 

Lemma 12.41 gives us the tool to find chaotic families that are not entropi- 
cally chaotic: we only need to find a family of symmetric probability densities 
{FjvlweN such that liminf]v^oo '^jy = oo. That is exactly what we will do in the 
following two section. This allows us to prove Theorem ll.61 

Proof of Theorem HTM This immediate from Lemma l2.4l and Theorem ll.51 □ 



3. First Example: Concentration. 

Motivated by Lemma IZ4l and ideas of concentration in [T], we now construct 
the first family of symmetric probability measures on the sphere that has en- 
tropic rate of increase that is greater than a linear one. In order to do that we will 
use the natural coordinates on the sphere. 

The surface element of a sphere in U'^ with radius R, expressed with its spherical 
angles, 6,(pi,...,(pk-i, is given by 

(3.1) ds\ = kR^-^s,m^-'^[(pi)sin^-'^{(p2)...?>m{(l)k-i)- 

In particular, if we integrate over a function depending only on the elevation 
angle, (pi, we find that 



f 

Js' 



g{(pi)do- 



(3.2) -3-,.,— 

n27i nn nn 

■ ... g(0i)sin*^-2((/)i)sin*^-^((/)2)...sin((/)fc_i)^^0rf(/)i...rf(/)fc_i. 

Jo Jo Jo 
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Using the formula 

ri 

(3.3) Bi^,0 = 2 sm^^-He]cos^'^-Hd)dd 

Jo 

we find tiiat 

[ sm''-^i(t))d(f) = 2 [\m^'^^^~\(t>)cos^'^~'^d(p = B 
Jo Jo 



k-l V 



[ 2 2j 



(3.4) 



(1) 



leading to 
(3.5) 



rf-1 

f g[(Pi)da= ^7 r g{(p,)sm''-H(pi)dct)y. 



We will now construct our first example. Given any probability density (p, on IR 

with Supp((/J) cz [0, i) we define (pAx] = ^-(p (f ) and &,(</)) = ^-^^wf- ■ 

Let 



(3.6) 



1 



where is the elevation angle with respect to a given z-th pole (i.e. Vi = ±\JN) 
and fjv is a sequence converging to zero. 



Theorem 3.1. The family of probability densities {Fjsj} j^^,^ defined in (3.61) satisfies 
(3.7) 



HjsfiFjsf) 
lim = oo 



N^oo N 

for any positive sequence {ewliveN ^^^t converges to zero. 

Proof Clearly Fjq is symmetric and due to B.St and its definition we find that 
Fjv is a probability density. Next we notice that due to symmetry and the fact 
that (^;) are supported on disjoint sets we have that 



Hn{Fn) 



= [ _^.A,(6)l0g 



2N 



do 



N 



(3.8) 



[ be^[^i)\og[be^{^i)]do^ -N\0g2 



■■ [ (Pe„{()log[(pe„i0]d^ + \og 

Jo 

- (AT - 2) rcpe^ iO log (sin(O) d^ - NlogZ 
Jo 



(3.10) 
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Using a change of variables ^ = and tiie fact that the support of ip is in (O, 
we find that for N large enough 

(3.9) r cpe^ iO log [cpe^ (a) = r ipiO log [cpiO) - logejv, 

Jo Jo 

as well as 

nTl rTl 

I (pe^i0^og[smiO)d^= I ^(Olog(sin(eivO)rf^ 
Jo Jo 

r /'sinCeivO'l C'' 
= 1 (piO^og — ^i^ + logeiv+ / cpiO^ogiOd^. 

Jo v £n(, I Jo 

When N is large we find that < ^^^f^ < 1 and so JTTOI l implies that 

(3.11) r (pe^mog{sm[0)di<logeN+ C cpmogiOd^. 
Jo Jo 

N-1 \ rj^ I 

Combining ED, EJ), JXTH and the approximation ^^^^v^ = y if (l + O (i/)) 
we find that 

^ , ^ log f27r + 0(^)1 logiV 

//w(fiv) > </'(a log (<p(a) d^ + ^^^^ - - ATlogZ 

(3.12) ^ II 

-{N-2)[ (pmogiOd^-iN-DlogCN. 
Jo 

Thus 

(3.13) liminf ^^^•^^^ > liminf f-logejv] -log2- (p[Olog{()d^ 

N^oo N N^oo Jo 

proving the result. □ 



4. Second Example: The Stereographic Projection. 

Much like the previous section, we will once again construct a family of prob- 
ability densities that satisfies limjv^oo '^^y^ • This time, however, we'd like to try 
and use IR^" ^ as our basis for construction and for that we will employ the stere- 
ographic projection. 

Given a function C(x) on D?^"^ we define its z-th extension to the sphere §^"^ (i?) 
as 

(4.1) Ji_RiVi,...,VN) = — -j^(oSj'^iVi,...,VN), 

[R + Vi) 

where Si is the stereographic projection from D?^"^ to S>^~^{R) with the j-th axis 
as the axis of symmetry. It is known that under we have 

2 , d2. 2/?^ 



(4.2) \x\' + R'= ^ 

R+Vi 

and 

2i?2 



(4.3) dsR 



dxi...dxj\[-i 
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(see the Appendix for more information on the standard map with the N-th axis 

of symmetry). 

We notice the following: 



Using I l4.2t and <4.3l l we find that 

(4.5) / Ji^}{{vi,...,VM)da^ = f ({xi,...,XN_i]dxi...dx 

Also, we find that 

I Ji.Rivi,. ..,vn) log {Ji,R[vi,. . . , vn)] da^ 

Js^-HR) 

(AQ) =1 (iXi,...,XN-l)logi({Xi,...,XN-l)]dXi...dXN-l 



VN)ds^. 



N-l- 



I |§W-1I T32N-2 



C(Xi,...,XiV-l)log 



\{R+Vi{x)) 



— dx\ . . . dx]\j-\, 



and applying I l4.2l again shows that the last expression above equals to 
(log(|§^-i|)-(Ar-l)log(2i?)) f axi,...,xj^.i)dxi...dx 

JR~-1 

+ {N-l) I log[\x\^ + R^](ixi,...,XN-i)dxi...dx 

JR~-1 



N-l 



(4.7) 



N-l- 



The approximation |§^"^ | = [^] ^ . '■jy^ helps us conclude that 



27iN- 



l Ji,Rivi,...,VM)log[Ji,Rivi,...,VN))da'^ 

Js^-HR) 



Jr~-i 



(iXi,...,XN-l)log{,(iXi,...,XN-l))dXi...dXN-l 



(4.8) + 



N 



2n\ N-2 



•logiV- 



log(2;r(l + 0(i^))) 



(N-l)log(2i?) 



2 2 
• / ([xi,...,X]si-i)dxi...dX]si-i + 

(AT-l) / log(\x\'^ + R^)(ixi,...,XN-i)dxi...dxN-i. 

Lastly, in the case where C is a probability density on U^~^ (and thus Ji^R by 
equation <4.5t ) we find that 

^NiJi^^) f^N-i ((Xi, . . . , Xn-i) log i([Xi,. . . , Xn-i)) dXi... dXN-1 



(4.9) 



N 



N 



" logJV.^-'°g'^''""°tw)))_(jVzi)i„gJ 



2 

(iV-1) 



2A[ 



2W 



N 



■ \ logf|x|^ + A/']C(xi,...,Xiv-i)^^Xi...rfx 

Jr~-i 



N-l- 
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The key observation here that all the integrals but the last one are invariant un- 
der translation, and the last integration can be increased by shifting the bulk of 
( to infinity. 

We are now ready to construct our second example: let ( be any symmetric prob- 
ability density on K that is supported on [0, 1]. Define 



N-l 



(4.10) 

where P jv will be chosen shortly and 



CAr(Xi,...,XiV-l)= Yl(iXi-PN), 

i=l 



lfli/,,iv(t^i.---.i'iv) 



(4.11) 



FNiVi,...,Visi) ■ 



N 



with /,-,iv defined by I l4.lt with ( = (n and R = \/N. 

Theorem 4.1. The family of probability densities {Fn}n£N defined in (4.11\) satis- 
fies 



(4.12) 



,. HNiFN) 

lim = oo 

N^oo N 



for any sequence {Pn} j^^j^ such f/iarlimjv^oo l/^jvl = oo. 

Proof. The first observation we make is since (n is symmetric in its variables, 
Ji^N is invariant under any change of variables that are not at the i-th position 
(see the Appendix for an explicit formula for Si). Also, by the definition and the 
symmetry of (, we have that 



Ji.N 



I -th position J 



■ Jk,N 



^ fc-th position J 



and so, along with equation <4.5l l, we conclude that <4.11t is a symmetric proba- 
bility density on §^"^ (v^. 
The next observation we make is that 



(4.13) 



I Civ(xi, . . . , Xiv-i) log(Civ(xi, . . . , xjv-i)) dxi... dxN-i 

= (w-i) f ax)\og[ax))dx, 

JR 

and due to symmetry and monotonicity of the logarithm we have that 



(4.14) 



HnIFn) 



= I /i,jv(f^i,...,i^iv)log 

JgiV-1' " 



{Vn) 



N 



da 



N 



HN[h,N)-logN. 
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Combining I I4.13K I I4.14I I along with the fact that if x e supp(Civ) then |x|' 

iV(|/3ivl - 1)^ we have that 

(4.15) 

,. . .Hn{Fn) r^, log(27r)-l , ^ 

limmf > / (ix]log{(ix))dx+— log2 

iv^oo N Ju 2 



+ liminf 



-log AT + 



N-l 
N 



log( 



/ 

JR 



log(27r) - 1 

C(x) log (C(x)) dx + — log2 + liminf 

2 N^cx) 



N+N[\I3m\-1] 
'N-l 



N 



log(l + 0)6ivl-lf) , 



proving the desired result. 



□ 



The following sections will be of different flavour. We will no longer use the 
limiting convex combination idea but focus our attention on explicitly com- 
putable families of densities on the sphere. 

5. Marginals of Densities on the Sphere 

In this short section we will mention and prove some simple theorems about 
integration on the sphere, along with ways to identify marginals and chaoticity. 
We start with an important Fubini-type formula, whose proof can be found in 
El: 

Lemma 5.1. Let F be a continuous function on §>"~^ [r] then 



I Fda't = ^ • / 



(5.1) 



n-j-2 



1=1 



/ 



, Fdo 



n-J 



Js''-Myr^-LU\Vi('] \Jr^-Z{-_,\v,\^ ^ 

An immediate corollary is the following: 
Corollary 5.2. Let Fn be continuous on §^"^ (v^iV) then 



dv\...dvj. 



(5.2) 



Tlk{-FN){v\,---,Vk) = 
( 



N-k- 



■i| [N-l.U\Vi\'-)^ 



JV-2 

N— 



\ I I ^\ Fj^da 

where /+ = max(/, 0) . 

Next, we prove a simple technical lemma that will be very useful in determin- 
ing when a family of probability densities is chaotic. 

Lemma 5.3. Let{fn]j^^^ be a sequence of non-negative function onU^ that con- 
verges pointwise to a function f & [U^). If in addition, 

lim / fn{xi,...,Xk)dxi...dxk = \ f[xi,...,Xk)dxi...dxk, 



^n-k 
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then f„ e [u'^] from a certain no e N, and {/n}jv£N converges to f in L} (IR*^). 

Proof. It is easy to see that due to the conditions of the Lemma we have that / is 
non-negative and that /„ e [U^] from a certain hq. Without loss of generality 
we can assume that no = 1. Define 

(5.3) gn = fn + f, g = 2f. 

Clearly g, gn > 0, g, gn e {^^), gn converges to g pointwise and 

(5.4) lim / gn{xi,...,Xk)dxi...dxk= \ g{xi Xk)dxi...dxk. 

Since |/„ - f\< gn and |/n - /| converges pointwise to zero, we conclude the de- 
sired result from Lebesgue's generalised dominated convergence theorem. □ 

From the above lemma we can deduce the following: 

Corollary 5.4. Let {FN}mN be a sequence of probability densities on Kac's sphere. 
If there exists a probability density function, /, on U such that 

lim nfc(FAr) = r^ 

N^oo 

pointwise for all keN, then Fjv is /-chaotic. 

Proof. This follows immediately from Lemma [53] and the fact that 

I nic{FM)ivi,...,vic)dvi...dVk= I F^da^ 

(5.5) 

= 1=1 f^''[vi,...,vjc)dvi...dvjc 
Jr*: 

Forallfc,AreN. □ 

Armed with our new tools, we are now ready to give two more examples of 
chaotic families that are not entropically chaotic. 

6. Third Example: An Escaping Tensorisation. 

The third example we'll construct has the intuitive form of a tensorised prod- 
uct restricted to the sphere with one major difference: The underlying one di- 
mensional function depends on N in such a way that the family will lose part of 
its support at infinity, ruining the entropic chaoticity. Most of the computations 
presented in this section are taken from the author's previous work f8l , but a few 
will be repeated for the sake of completion. 

Our family of interest is defined by HI. 171 1 where /iv ( f ) = S]sfM_i_ ( f ) + (1 -5^) M i ( v) 

2S^ 2(1-5^) 

with Maiv) = ^j=^ and = -^,ri close to 1. Defining the normalization func- 
tion as 

P N 

(6.1) 2NifN,VT)= YlfN{Vi)da^, 
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we see that 
(6.2) 



UljNiVi) 



Fn[Vi,...,Vn) = 



2NifN,VN) 

The goal of this section is to prove Theorem ll.7l showing that {Fn}n£N is chaotic, 
but not entropically chaotic. In order to do that we require a few additional 
computations and technical lemmas, first amongst them is an explicit asymp- 
totic expression to the normalization function 2n- This part is quite lengthy 
and technical and is fully proved in (B) . As such, we will content ourselves with 
stating the final result: 



Lemma 6.1. Let^N defined as in f6.il ), then 

2 



(6.3) 



where Z^, 



■2']v(/iV,\/M) ■ 



V^Zw|§^-i||u|^ 



2n 



-i-Aiv(u) 



J 



1 an^ilimjv^oo (sup^ |Ajv(m)I) = 0. 



-W 45a,(1-(5n) 

Using this approximation we can now discuss the chaoticity of F^v. 

Lemma 6.2. The family of probability densities, {Fn}n£N is Mi - chaotic. 

Proof. Using Corollary 15.21 and the definition of the normalization function we 
find that 

|gw-fc-i| 



nkiFN){vi,...,Vk) 



N-l 



2, 



N-k 



(fN, 



iV-I 



(6.4) 



2NifN,VN) 

Combining this with {63} yields 



JV-2 

N— 



( ^ 
WfNiVi 



(6.5) 



Tiki-FN)ivi,...,Vk) 



N 



2 (JV- *.-)!■ 



+ XN-k{N-Ll,\Vi\^) 



N-k 
\ 



l + Ajv(AO 



/ k 

\l=l 



From Lemma [6J] we see that limjv^oo (sup | Ajv-/ 1) = for any fixed j, and by its 
definition and our choice of Sjv we have that lim 



N^oo = oo. We conclude that 



(6.6) 



lim nk[FN)ivi,...,Vk) = Mr[vi,...,Vk) 

AT— ►oo 2 



pointwise, as /at clearly converges to Mi pointwise. This is enough to prove the 
desired result due to Corollary l5.4l □ 

Next, we compute the rescaled AT-particle entropy of Fjv. 
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Lemma 6.3. 

(6.7) lim = . 

N-oo N 2 

We will give a quick sketch of the proof, and direct the reader to (8] for full 
details. 

Proof. Due to symmetry, Lemma lsTTl and Lemma [6J] we have that 



(6.8) 



N |§w-i| j-v1v 2N[fN,^ 
•/iv(t'i)log [fN{Vi))dVi — 



JT-J-^ TTi;^ /.(.i)iog(/.(.i))^.i 

log ( v/IttZat I 1 1 ) - log (2 (1 + Aat ( AT) )) 

+ 5^ . 

N 

Using the Generalised Dominated Convergence theorem one can show that 
(6.9) TTI^) /Ar(^i)log(/.(.i)).^.i 



— ► / Ml (fi)log[Mi (i^i)] £^^1. 
That, along with approximation for I M , gives the desired result. □ 



Proof of Theorem [T?7[ From Lemma [62] We know that Fn is Mi -chaotic and 
from Lemma lOl we know that limjv^oo ^'^^'^^ = However, 

log(27rfl) 1 



(6.10) [ Ma{v)l0g[Ma{v))dv = 

JR 



and 



r . r ^ , log(27r) a 
(6.11) MJi;)log(r(i;))rfi; = _ 



Thus, 

(6.12) //(Mil7) = 



log 2 1 log 2 
- < 



2 4 2 

concluding the proof. □ 
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7. Fourth Example: Varying Polynomials. 

The last example we will provide in this paper is a family of probability den- 
sities on the sphere that is made of symmetric polynomial with varying degrees, 
constrained to the sphere. Surprisingly enough, we can compute the normal- 
ization function very easily in this case and we will see that the reason for this 
example's failure to be entropically chaotic is its large' entropic tails. 
In order to emphasize the effect of varying powers in our subsequent paragraphs 
we will define two families of probability densities, both of similar 'flavour' but 
very different properties (one was mentioned in Theorem ll.SK 
Let 

JV 

(7.1) fN,miVi,...,Vt^)=Y^\Vir, 

1 = 1 

where m > 0. Denote by /n = /n.n and let 3jv,m>3Ar be the appropriate normal- 
ization functions on Kac's sphere. 
Our main two families of interest are: 

„ , , fN,miVl,---,VN) 
FN,miVi,...,VN) = r , 

(7.2) ^^■'^ 

J, , , fNiVi,...,VM) 

pNiVi Vn) = 5 , 

JN 

where m is fixed in the first family. The main result of this section is the follow- 
ing: 

Theorem 7.1. The family of probability densities {FN,m} p^i^j^, defined in (7.2\) , is 
J- entropically chaotic while the family {FjvliveN - chaotic, but not entropi- 
cally chaotic. 

which will also prove Theorem ll.SI The proof of this theorem will involve a few 
steps. We start with a few computations. 



Lemma 7.2. Letm> - \. Then 
(7.3) f \v^"'do 



(r) ' v^-r^ 



Proof. Using Lemma [5J] we find that 



Hr) 

(7.4) 



dx, 



where we used the substitution vi = rx and the formula 

IV 

(7.5) l<civ-i|_ 
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Equation <3.3ll as well the identity 

r(x)r(y) 

(7.6) B{x,y) = — ^, 

Tix + y) 

simplify <7.4l l to the desired result. □ 
Corollary 7.3. 

(7-7) 3iv,m = ^5-^-(l+eiv), 

N+2 

(7-8) 3iv=— , 

where e^v goes to zero as N goes to infinity. 

Proof. We start by noticing that due to symmetry and Lemma lT^ we have that 



iv^.r(f).r(^) 



Next, we see that the approximation 

(7.10) r(z) = z^"5.e-^.v/27r[l + — + ...], 

for large z, leads to 

r(f) _ l + eAf 

where ejv goes to zero as N goes to infinity. Combining I l7.9t and 17.111 1 yields 
Similarly, by plugging m = AT in I l7.3t we find that 

(7.12) 3iv = iV-f \vyrda^=- 1^' ^ ' ' . 

The known formula 



(7.13) r(z)-r 



2 



V7r-r{2z), 

together with yields lED . □ 

We are now ready to start proving Theorem l7.11 

Lemma 7.4. The family of probability densities {-Fjv.m} jvgn Isj-entropically chaotic. 

Proof In |4| the authors showed that if {F^Iatgn is a symmetric family of prob- 
ability densities such that limjv^oo ^f^'^ = then the family is y-entropically 
chaotic (they have actually proved something stronger than that) . Thus, we only 
need to show that 

(7.14) lim = 0. 

N^oo N 
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Indeed, from i7.7\ we see that limjv^oo i^fe^i = o and since on Kac's sphere 
fN,mii>i'---' V]c) <N^ we find that 

< HN{FN,m) 

= ir— [ _^fN,mil^\,---,l^k)^Og[fN,m(.Vi,...,Vt))da^-log'5l 

3iV,m Js~-Hv1v) 

mlogN 



(7.15) 



log3 



N,m! 



which shows <7.14t . 

We now turn our attention to the family {F^}/ 
Lemma 7.5. The family of probability densities {Fn}nen " chaotic. 
Proof. We start with Corollary l5.2l and the A;-th marginal: 

lV-t-2 

nk{FN){vi,...,Vk) = 

(7.16) 



N-l\ 



N-2 _ 



Xk.-r + (iv-fc) ( 

Next, we use Lemma lT^ to find that 



JgJV-t-l 



(7.17) 



From expression I I7.10I I we see that 



\2\ 



N 



(7.18) 



leading to 



(7.19) 



IN 










2 J 




J, 


T 


(N+l] 


( 


[ 2 







k\ 
N-- 
2 



AT- *'+ 



k 




~ iV 






N 


1 


2 


H 




N 




-1 


N- 


2N) 





2 -Nirk I 

■e 2 • V27r(l + ejv), 



2 -N-\ , 

■e 2 • V27r(l + eAr), 



■e"^"'^-V^(l + ew), 



[ 



\/iv-i:f=iif,-p 



ATT. 2 2 



|2\ 



2iv- 



(1 + Civ)- 



□ 
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Combining fTJTt . , (731, fTJll . EHJ and f7J9t we find that 

iV-<:- 



UkiPN, m){vi,...,Vk)- 



(7.20) 



! = 1 



712-22 



N-2 N+2 

N— -N— 



N— -22 



2\ 



N 



2N-1 



N 



\2\ 



k N+2 

{2n)2-N— 



1 

N 



^ N 

i 

712 



Clearly, we have that 
(7.21) 

pointwise, which finishes the proof due to Corollary l5.4l 



N^OO 2 



□ 



Before we show the final stage in the proof of Theorem 17.11 we require the 
following technical lemma: 



Lemma 7.6 

(7.22) 



[ i.iriog(i.,r)da~-^~-^°^^ ^^'^^^^ 



[Vn) 



where cn goes to zero as N goes to infinity. 
Proof. Using equation <5.1l l we see that 



[ \v,\''log[\v,\'')da'' = N- 



N-2\ 



(7.23) 



S 



JV-ll 



I r\ 

\vi\^{N-vf) ' \og\vi\dvi = N- 
N— J-Vn 



iN-2\ 



N-l\ 



■m j \x\^[l-x^y'' \og\^VN\x\^dx, 
where we used the change of variables t^i = \/Nx. Similarly one can show that 



(7.24) 
and thus 

(7.25) 



3iv^ r 



^/N) 



T^rN- j Jx|~(l-x2) ^ dx, 



|giV-2 
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a- e 



Using the simple inequality 
(7.26) Z:"logf> 
for t>Q and fixed a > 0, we find that 

Jxr(l-x2) ^ loglxl^^X 



(7.27) 



(7.28) 



r(f) B[^,^) _ r(i^)r(f) 

2t(l + eAr) 



a ■ e 



Similar to equations 17.181 we can easily show that 

|§W-2| ^1 jV-3 

:^/_Jxr(l-x2)^log 



■N- 



x\dx>- 



□ 



Chosen to optimize I l7.28t we pick a = and conclude that 

|§^"^| iv+2 fi 3/vlog2 

(7.29) l^^.iv— Ixr(l-x^) ' log\x\dx>- ^^ ^ -d + eiv) 

The desired result follows from <7.25t and 17.291 1. 

Finally we have the following: 
Lemma 7.7. The family of probability densities {F^Iatgn ^5 ?io? entropically chaotic. 
Proof. We saw that {FjvljveN is Mi -chaotic so we only need to show that 

(7.30) liinZM^^HfM.lr). 



Indeed, using symmetry, 
f7:22l l we find that 

HNiFN) 



N^oo N \ 2 ) 

the monotonicity of the logarithm, equations 17.81 1 and 



N 



N- 



1 N \ 




I N \ 






log 




da'^ 


\i=l ) 




[i=l ) 





(7.31) 



log3w ^ ^ f I iiv, r, ,m J AT 

(AT + 2) log {W-l)log2 

2N ^ iv 

logW log2 (Ar + 2)logN (A^-l)log2 

: (1 + e]v) 1 . 

2 2 2iV N 



Thus 
(7.32) 



,. . f HNiFN) log2 
limmf > , 

w^oo N 2 



and since H^Mi lyj = - | our proof is complete. 



□ 
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Remark 7.8. Equation <7.31l l is exactly why we say that the above example has 
'high entropic tails'. The estimation provided in it shows that the rescaled AT-particle 
entropy is too high, due to varying power of the polynomial. 

Proof of Theorem V7l\ This follows immediately from Lemma [7l4l 17.51 and [7771 

□ 



8. Final Remarks. 

While we hope this paper provided a bit of insight into the sensitive nature of 
entropic chaoticity, there are still many interesting questions on the subject. We 
present here a few remarks and questions that arose while working on this paper. 



• In the examples given in Sections[6]and[7]we found that both families of 
probability densities were Mi -chaotic. Since on Kac's sphere we have 
that 

(8.1) l = ^f W\ViAFN{vi,...,VN)do^=l\vi\^ni{FN){vi)dvi, 

and I v\^Mi iv)dv= ^ something was lost in the limit. This brings the 
following questions to mind: 

Question: If a family of probability densities on the sphere, {FjvliveN. is 
/-chaotic with \ v\^f{v)dv < 1, can it be entropically chaotic? 
We believe the answer is negative. 

• In light of the above question, one might try and change the dependence 
in N of the polynomial power in Section[7]to one that will allow conver- 
gence without loss of energy. An attempt to pick a power such that 
liniAr^oo 7^ = 0> will not be helpful as it will lead to entropic chaoticity 
with 7 as a marginal limit. It seems that N is exactly the power where 
things break abruptly. 

• One can try and replace the definition of entropic chapticity in the case 
where the limit measure // has probability density / with something that 
might seem more natural. In that case, we define as in (TTtJ (when 
it makes sense) and say that /ijv is entropically chaotic if 

(8.2) lim ^' = 0, 

N^oo N 

i.e. the rescaled 'distance' between the measure and the intuitive re- 
stricted tensorisation of the limit function goes to zero. When / is nice 
enough (satisfying the conditions of Theorem 11.51 and a bit more), one 
can show that the new definition is equivalent to the one we presented 
here (see fTi'SI), however the new definition might be able to deal with 
infinities more easily and might be less delicate to changes. 
Question: Are the definitions always equivalent? If not, when and how 
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do they differ? 

We'd like to point out that in our computable examples the limit function 
was nice enough to warrant the equivalence of the definitions. 
The idea of varying functions in accordance to N is the key idea behind many 
of our constructions and we believe that it is the main way to destroy 'good' 
properties, or to get horrible decay rates. We believe that such phenomena will 
not happen if the core function will remain fixed, something that has more of a 
physical intuition to it, and we're looking forward to follow any advances made 
on the matter. 



Appendix A. The Stereographic Projection. 

The stereographic projection is a way to map IR" u {00} conformally on S>"(_R). 
The idea is simple: given a point (xi , . . . , x„) e U" we can consider it to be a point 
in K""*"^, lying on the hyperplane Xn+i = 0. Connecting it via a straight line to the 
south pole of S""'"^^?) and intersecting that line with the sphere is the desired 
map Sixi,...,x„). 

In what follows we vnll find a formula for the stereographic map as well as ex- 
press the surface element of S""'"^/?) with respect to it. 

The line connecting the point (xi , . . . , x„, 0) to the south pole (0,...,0,-R) is given 
by 

yiit) = Xit i = l,...,n. 
yn+i = -R + Rt. 
Plugging it into the equation of the sphere yields 



(A.1) 



(A.2) 
or 

(A.3) 

leading to 
(A.4) 
Thus 
(A.5) 



f + R^{l-tf = R^, 



{\x\^ + R^] t^-2R^t = 0, 



2R'^ 



S{xi, . . . , Xfi) — 



B2 + |x|2' 

( 2R^Xi 2R^Xn 



,i?2 + |jc|2'""'^2 + | 



R' 



|2\ 



^2 + |x|2j 



Equation I IA.51 1 allows us to find S ^ as well. Denoting the variables on S""'"^(i?) 
by [vi,..., Vn+i) we find that 



(A.6) 

and as such 
(A.7) 



i?2 



i?2 + |x|2' 



|x|2 = b2 R Vn,l 



R+v„+i 
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Plugging it back into iA.5\ we find that 

[R^ + \xf)vi Rvi 



(A.8) 
and thus 
(A.9) 



Xi = 



2R2 R+Vn+l 



S ^iui,...,v„+i) 



( RVi RVr, 



R+Vn+l R+Vn+l 



In order to express the surface element of the sphere with the x, coordinates we 
notice that if 5 = S{x) and f = S(y) then 

n+l n I y. \2 

S " '''^^ ^ '''' S iw^] ~ 



+R' 



R'-\y\ 



2 ^2 



AR" 



[R'^ + \x\^Y[R^ + \y\^y 



(i?2 + |x|2) [R^ + \y\^)i 

[R^ + \y\^f |X|2 - 2 + |y|2) (^2 ^ \x\2^x^y 



(A. 10) 



+ [R^ + \x\^Y\y\^ 



2 2, ,2^ R^[2R^{\y\^-\x\^)f 



AR'' 



(i?2+|j(;|2)2^^2 + |^|2-]2 

( 

^'*|x|2+2i?2|x|2|y|2 + |y|4|jc|2 



[R'^ + \x\^f[R'^ + \y\^f 

-2[R^ + \y\^][R^+\xf-]xoy 

+i?^|y|2 + 2R^\y\^\xf- + \xf\yf- + R^\yf - 2R^\xf-\yf- + R^\x\'^ 



Since 

(A.11) + |x|2) [R^ + \yf-) = R^ + R^\xf + R^\yf + \xf\y\^ 

we have that 

n+l 



L (5/ - ti) 
i=l 



AR" 



(^2+|x|2)(i?2 + |3,|2-)|^|2 



(A. 12) 



(B2 + |x|2f (i?2 + |j,|2)2l 
+ {R^ + |X|2) (i?2 + |y|2) |3;|2 _ 2 [R^ + |y|2j (^2 ^ |^|2-) j^j 



4i?*|x-y|^ 



(^2+|x|2)(i?2 + |j,|2j' 

from which we conclude that the metric on the sphere is given by 



(A. 13) 



dsR 



2 \" 



2R 

ii?2+|x|2 



dxi . . . dXn- 
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